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We simulate a model of self-propelled disks with soft repulsive interactions confined to a box in two

dimensions. For small rotational diffusion rates, monodisperse disks spontaneously accumulate at the

walls. At low densities, interaction forces between particles are strongly inhomogeneous, and a simple

model predicts how these inhomogeneities alter the equation of state. At higher densities, collective

effects become important. We observe signatures of a jamming transition at a packing fraction f � 0.88,

which is also the jamming point for non-active athermal monodisperse disks. At this f, the system

develops a critical finite active speed necessary for wall aggregation. At packing fractions above f � 0.6,

the pressure decreases with increasing density, suggesting that strong interactions between particles are

affecting the equation of state well below the jamming transition. A mixture of bidisperse disks

segregates in the absence of any adhesion, identifying a new mechanism that could contribute to cell

sorting in embryonic development.
1 Introduction

Minimal models of self-propelled particles (SPP) have provided
much insight into the emergent behavior of non-equilibrium,
active systems where energy is injected at the scale of the
individual constituents. This novel class of materials spans
many length scales, ranging from bird ocks to bacterial
swarms, cell layers and synthetic microswimmers.1 Novel
behaviors have been predicted theoretically and observed in
simulations and experiments, including ocking,2 large density
uctuations,3,4 and spontaneous phase separation.5–7 Walls and
conned geometries are ubiquitous in realizations of active
systems. For example, sperm and bacteria oen live near
surfaces or in narrow channels, and these interfaces strongly
affect their dynamics.8–11 Vibrated granular rods spontaneously
accumulate at the walls even in the absence of hydrodynamic
interactions.12,13 Finally, mixtures of two types of active particles
have been studied as minimal models of cell sorting in co-
cultures and have been shown to segregate in bulk in the
presence of adhesive interactions.14–16

In this paper we study a minimal model of athermal self-
propelled disks with so repulsive interactions conned to a
box in two dimensions. The so repulsive potential is chosen to
provide nite energy barriers to particle crossing, as a way to
mimic living cells that are capable of escaping to the third
, Syracuse, NY 13244, USA. E-mail:
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dimension and cross over each other. Each disk performs a
persistent random walk consisting of ballistic runs at speed v0,
randomized by rotational diffusion at rate Dr. We nd that
conned self-propelled particles aggregate at the walls provided
their rotational diffusion is sufficiently slow (Fig. 1(a)).

At low density, aggregation occurs when a particle travels
ballistically across the container. At high packing fraction f,
however, a critical active speed vc(f) is required for wall aggre-
gation even in the limit Dr / 0. The onset of a nonzero value of
vc in our active material correlates with the packing fraction at
which non-active hard disks become “jammed”,17 i.e. exhibit a
non-zero yield stress. The pressure of the active uid, like the
density, is spatially inhomogeneous as the particles seem to
organize to optimally transmit stresses to the walls, as shown in
Fig. 1(a). As the jamming point is approached, the system
becomes more uniform (Fig. 1(b)) and the pressure begins to
decrease with increasing density. This decrease occurs well
below the jamming point and is associated with the onset of
slow relaxation times due to strong caging effects that occur
Fig. 1 Force chains at time T ¼ 2000 for v0 ¼ 0.02 displaying (a)
aggregation at Dr ¼ 5 � 10�5 and f ¼ 0.672, (b) jammed state at Dr ¼
5 � 10�5 and f ¼ 0.896, and (c) homogeneous gas state at Dr ¼ 0.005
and f ¼ 0.672 (ESI Movies 1–3†).
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over a broad range of densities due to their activity. This non-
monotonic dependence of pressure on density is unique to
active systems. It is consistent with the non-monotonic depen-
dence of pressure on temperature in a thermal active gas18 and
on system size in a dilute active gas.19 Finally, this aggregation
can be harnessed in a mixture of self-propelled particles of
different sizes that segregates in the absence of any alignment
or attraction (Fig. 5). The sense of the segregation (i.e., whether
the large or the small disks accumulate on the outside) is
determined by a mean eld calculation for the energy barrier
generated by the repulsive interaction. This segregation is
reminiscent of cell sorting in embryonic development and is
very different from the mechanisms that have been previously
studied,20–24 which require differential cell adhesion or repul-
sion and postulate that cell sorting relaxes the tissue towards a
free energy minimum, as in thermal systems.
Fig. 2 (a) Diagram of nested square strips. (b) Gini coefficient vs. v0 at
various packing fractions. The rotational noise is Dr ¼ 5 � 10�5 and the
total simulation time is T ¼ 9000. (c) Phase boundaries separating
aggregated and homogeneous states in the plane of v0/L vs. Dr. The
open symbols are for f ¼ 0.40 and L ¼ 83, 110, and 130 (circles,
squares, and diamonds). The straight line is a fit to that data with v ¼
2 Model

We consider a system of N monodisperse disks of radius R in a
square box of length L. The overdamped dynamics is governed
by Langevin equations for the position ri of the center of the i-th
disk and a unit vector ui ¼ (cos qi, sin qi) along the axis of self
propulsion,

vtri ¼ v0ui þ m
X
j

F ij ; vtqi ¼ hiðtÞ ; (1)

where v0 is the active (self-propulsion) speed and m is the
mobility. The particles interact via short-range repulsive forces
Fij proportional to the overlap between two disks, Fij ¼ k(2R �
rij)̂rij, with rij ¼ ri � rj ¼ r̂ijrij, and k a force constant. The angular
noise h is white, with hhi(t)hj(t0)i ¼ 2Drdijd(t � t0) and Dr the
rotational diffusion rate. Large immobile particles are glued to
the walls of the box to implement the connement and to
suppress crystallization. At low density, each disk performs a
persistent random walk and is diffusive at long times (t [

Dr
�1), with an effective diffusion constant Da ¼ v0

2/2Dr.6 We
treat Dr as an independent parameter because in many reali-
zations, including bacterial suspensions25 and active colloids,26

the rotational noise is athermal. In these systems, Da is also
typically two orders of magnitude larger than the thermal
diffusivity, and so we neglect thermal noise in eqn (1).

Lengths and times are in units of the particle radius R and
the elastic time (mk)�1. Unless otherwise noted, the size of the
box is L ¼ 83. Particle positions are initialized with a uniform
random distribution inside the box, and orientations are
random over the interval [0, 2p]. Eqn (1) are integrated
numerically using a Runge–Kutta algorithm for t ¼ 9000 time
steps. This time interval is sufficient to ensure that the
density prole of the system has reached steady state. We
explore the behavior of the system by varying the active
velocity v0, the rotational diffusion rate Dr, and the packing
fraction f ¼ NpR2/L2.‡
‡ The values of the packing fraction quoted below and in all gures have been
adjusted to take into account the area occupied by the particles glued to the walls.

6478 | Soft Matter, 2014, 10, 6477–6484
3 Aggregation and segregation
3.1 Wall aggregation

To quantify wall aggregation and the resulting density inho-
mogeneities we divide the system in nD nested square strips of
thickness D (Fig. 2(a)) and calculate the Gini coefficient,27 given

by g ¼ 1
2N2|r|

X
i

X
j

��ri � rj
��, with �r the mean density, ri the

number density of particles in the i-th strip, and D ¼ 2R. The
Gini coefficient provides direct information of the spatial
organization of density inhomogeneities. It approaches 0 when
the density is homogeneous (Fig. 1(b) and (c)) and 1 when all
particles are at the wall (Fig. 1(a)). The boundary separating
homogenous states from aggregated states where the particles
accumulate at the walls is obtained by a linear t to isosurfaces
of the Gini coefficient, and corresponds to g ¼ 0.5, above which
we say the system is wall-aggregated as shown in Fig. 2(c) for
different values of f. At low f, aggregation occurs when Dr is
small and particles travel ballistically across the container. The
phase boundary is well-described by v0/L f Dr, which is the
solid line through the open circles in Fig. 2(c). The Gini coeffi-
cient increases continuously with v0/Dr, consistent with the
result in (ref. 11). At high f, a nite value vc(f) is required for
wall aggregation even in the limit Dr / 0, as shown by the solid
line through the closed diamonds in Fig. 2(c). The dependence
on f is seen in Fig. 2(b), where the Gini coefficient immediately
rises from its minimal value for f < 0.83, and only rises at a
nite vc for f > 0.88. The critical vc as a function of f is shown in
Fig. 2(d). The onset of a nite threshold for aggregation at f x
0.88 coincides with the jamming point for monodisperse
0

ALDr, where A ¼ 0.5402. Filled diamonds are for f ¼ 1.00 and L ¼ 83.
The total simulation time is T ¼ 2000. (d) Critical speed at Dr / 0 vs.
packing fraction.

This journal is © The Royal Society of Chemistry 2014
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passive hard disks at zero temperature.17 The result is also
consistent with active jamming in a disordered landscape.28
Fig. 4 (a) Interaction force as a function of distance to the wall for
various packing fractions f. (b) Gini coefficient of density (circles), Gini
coefficient of force (squares) and compressibility (filled diamonds) vs.
packing fractions at v0 ¼ 0.02, Dr ¼ 5 � 10�5.
3.2 Pressure

To quantify force distribution in our active uid, we have eval-
uated the pressure both in the homogeneous and wall-aggre-
gated states. We dene the pressure using the Irving–Kirkwood
(IK) expression for the stress tensor given below,29 augmented
by a contribution from self-propulsion. We have checked that
this yields the same result as measuring the force per unit
length on the walls of the container at all packing fractions. This
demonstrates that the generalized IK formula proposed below
is the correct expression for evaluating the mechanical pressure
of an active system. The stress tensor sab (with a, b ¼ x, y) is
naturally separated in a contribution from interactions and an
active contribution, as sab ¼ sintab + saab, with

sint
ab ¼

1

L2

�X
isj

Fa
ij r

b
ij

�
; sa

ab ¼
1

L2

�X
i

Fa
i;ar

b
i

�
; (2)

where Fi,a ¼ (v0/m)ui is the active force on each disk. The pres-
sure is the trace of the stress tensor, P¼ saa/2¼ Pint + Pa, shown
in Fig. 3(a) as a function of f for a small rotational diffusion rate
Dr ¼ 5 � 10�5. For small Dr, where the system aggregates at the
walls and exhibits strong density and pressure inhomogeneities
(Fig. 1(a)), the pressure is a strongly non-monotonic function of
density and starts decreasing at fx 0.672, well below jamming.
At this packing fraction the density gradients start to smoothen,
and the pressure becomes more homogeneous, as shown in
Fig. 4(a), which displays the interaction force between particles
as a function of distance to the wall. Fig. 4(b) shows the Gini
coefficients of density and pressure, demonstrating that the
pressure inhomogeneity is a direct consequence of density
inhomogeneity. Meanwhile, particles are caged by their neigh-
bors. This leads to “self-trapping”, resulting in a suppression of
their effective self-propulsion speed, as discussed in recent
work on active phase separation.5–7,30–32 In this region, although
the system is fairly homogeneous, the transmission of force is
Fig. 3 (a) Total pressure calculated from the IK formula (triangles) and
with the force on the walls (circles) as a function of packing fraction at
v0 ¼ 0.02 and Dr ¼ 5 � 10�5. The two calculations yield the same
result. Also shown are the interaction (black diamonds) and active (blue
squares) contributions to the pressure. The dashed magenta line is the
calculated ideal gas pressure with no fitting parameters. The black dot-
dashed line is the calculated interaction pressure with c¼ 1.2. The blue
dotted line is the calculated active pressure with a density-dependent
active velocity v(f) and effective rotational diffusion rate Deff

r (f). (b)
Total pressure for various rotational noise Dr.

This journal is © The Royal Society of Chemistry 2014
impeded by crowding, resulting in an increased effective rota-
tional diffusion rate and a sharp decrease in pressure. This
description is supported by the correlation between the
compressibility and homogeneity of the system, Fig. 4(b). The
decrease in the forces that particles are able to transmit to the
walls is most dramatic in the active pressure that seems to
essentially vanish near f ¼ 0.907, the packing fraction corre-
sponding to perfect crystalline order in a triangular lattice.
Fig. 3(b) shows that the pressure non-monotonicity diminishes
with increasing Dr, and the active system exhibits thermal-like
behavior when v0/L � Dr, as suggested by the curve of lled
circles. The analogy with a thermal system and the notion of
effective temperature can, however, be made precise only in the
low density limit. At nite density, repulsive interactions affect
the active system quite differently from their thermal counter-
parts even in the limit of large Dr, and the pressure of the
thermal system increases much faster than the active one, as
shown in Appendix D. In all cases, the pressure increases
steeply above f x 0.88 due to enforced overlap.

The active pressure can be calculated analytically at low
density from the Langevin eqn (1) neglecting interactions. The
result corresponds to the pressure of an active ideal gas, also
discussed in (ref. 33 and 34). Using huia(t)ujb(t0)i ¼ e�Dr|t�t0|dijdab,

we nd P0ðtÞ ¼ rv02

2mDr
ð1� e�DrtÞ for the ideal active gas pressure.

In a container of side L, active particles eventually get stuck at
the wall. For small, but nite Dr, we then dene the ideal gas
active pressure as P0 ¼ P0(t ¼ L/v0), where L/v0 is the time
required by an active particle to travel ballistically through the
container. The resulting expression

P0 ¼ rv0
2

2mDr

�
1� e�DrL=v0

�
(3)

interpolates between the thermal limit P0 z rv0
2/(smDr) for Dr

[ v0/L and the value P0 z rv0L/(2m) for Dr � v0/L corre-
sponding to N disks each exerting a uniform force v0/m on the
walls. The ideal pressure of an active gas is shown in Fig. 3(a) as
a dashed line and ts the data at low density. At moderate
density the pressure remains a monotonically increasing func-
tion of density, but is suppressed relative to the ideal gas
expression. This deviation can be understood as arising from
“self-trapping”, which yields a density-dependent effective
active velocity6 v(f) ¼ v0(1 � lf). At high density, however, the
Soft Matter, 2014, 10, 6477–6484 | 6479
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active pressure shows nonmonotonic behavior and decreases
with increasing density. This nonmonotonicity is indicative of
strong caging and cannot be described solely in terms of
suppression of active speed. A mean-eld formula that ts the
pressure over the entire range of density can be obtained by
assuming that caged active particles repeatedly change the
direction of motion due to the interaction, resulting in an
enhanced effective rotational diffusion rate, Deff

r (f) ¼ DrQ(f �
fc)exp[a(f � fc)], which characterizes the rate of change in the
direction of the actual velocity vi ¼ vtri, with Q(f � fc) the
Heaviside step function and fc the critical packing fraction
above which this caging effect kicks in. We emphasize that this
occurs well below jamming and fc generally depends on the
active speed v0, as discussed in Appendix B. A t to this mean-
eld theory that incorporates density-dependent velocity and
rotational diffusion rate is shown in Fig. 3(a) as a dotted line.

On the other hand, a simple expression for the interaction
pressure can be obtained by modeling the system as concentric
layers of particles aggregated at the walls and assuming that the
particle overlap, hence the force that each layer exerts on the
walls, increases linearly as the wall is approached. This esti-

mate, described in Appendix A, gives Pint ¼ c
�
Lv0
16R

f2 � Lv0
48R

f3
�
,

with c a tting parameter. A t to this expression with c ¼ 1.2 is
shown in Fig. 3.
Fig. 5 (a) Phase diagram showing the segregated and homogeneous
states as a function of the active velocities vS and vL (small particles are
green and large ones are red) for Dr ¼ 5 � 10�5 and a total packing
fraction f ¼ 0.9, with each species occupying half of the packing
fraction. (b) Analytical calculation identifying when particles with a
given active velocity and radius ratio are able to overcome mean-field
elastic energy barriers (solid line). The onset of particle segregation in
simulations (data points). The remarkable agreement with no fit
parameters demonstrates that segregation is driven by asymmetric
elastic energy barriers. A–C are snapshots of segregated and homo-
geneous states. The labels A, B, and C correspond to the states marked
in the phase diagram (ESI Movies 4 and 5†).
3.3 Active mixtures and segregation

The mechanisms responsible for athermal phase separation6

and wall aggregation of purely repulsive self-propelled particles
have remarkable consequences in mixtures. We simulate a
binary mixture of small (S) and large (L) self propelled particles
with diameter ratio 1.4 to prevent crystallization. Although
different in size, they interact via the same harmonic so
repulsive potential, with equal force constants kSL ¼ kSS ¼ kLL,
and with dynamics described by eqn (1). The self-propulsion
speeds are vS and vL respectively, and to reduce the number of
parameters we have assumed equal mobilities for both types of
particles.

To quantify the spatial distribution of the two particle types,
we dene a segregation coefficient S:

S ¼
P
i

��rLi � rSi

��
P
i

max½rLi ; rSi �
(4)

where the shell width D is the large particle diameter and rS,Li is
the density of small/large particles in the i-th shell. With this
denition, S / 0 for a uniform distribution of L and S disks,
and S / 1 for complete segregation.

When these purely repulsive disks are exactly the same
except for their size (vS ¼ vL), the system spontaneously segre-
gates so that the small particles aggregate near the walls and the
large particles are closer to the center of the box. We choose a
critical value of S¼ 0.5 to differentiate the segregated state from
the mixed state.

To better understand this surprising result, we study a
phase diagram of the segregation as a function of the two
6480 | Soft Matter, 2014, 10, 6477–6484
self-propulsion speeds vS and vL, shown in Fig. 5. We nd three
distinct states: (A) a segregated state where all the large (red)
disks have accumulated at the wall, with the small (green) ones
closer to the center, (B) a mixed state where the particles have
accumulated at the wall, but they are homogeneously distrib-
uted, hence S � 0 and (C) a segregated state where the small
disks are near the walls and the large ones are near the center.
The lower le hand corner of Fig. 5 demonstrates that if both
the small and large particle velocities are too small, the system
remains mixed. This suggests that particles must overcome a
nite energy barrier in order to segregate. To quantify and test
this assumption, we let vSc (vLc) denote the critical velocity of the
small (large) particles in the limit vL / 0 (vS / 0). To estimate
vSc, we derive an analytic expression for the velocity required for
an active small particle to cross through two immobile large
particles in contact with zero overlap, assuming that the small
particle is moving directly perpendicular to the pair, as illus-
trated in Fig. 5 (see Appendix C for details). This is a mean-eld
theory for energy barriers in a system exactly at the jamming
transition. We derive a similar expression for vLc, and calculate
the ratio vLc/vSc. While the data in Fig. 5(a) are for a bidisperse
mixture with diameter ratio 1.4, we calculate the velocity ratio as
a function of the diameter ratio x ¼ RL/RS, obtaining

vLc

vSc
¼ x� 2

3

h
1� ð1þ xÞ�2=3

i1
2
h
ð1þ xÞ2=3 � 1

i
"
1� 1þ 1

x

� ��2=3
#1
2
"

1þ 1

x

� �2=3

� 1

# (5)

This function
vL
vS

ðxÞ is plotted in Fig. 5(b) as a solid line. We

then extract numerical values of vLc/vSc from the segregation
boundary in simulations with different values of RL/RS. These
numerical results are the data points in Fig. 5(b). The
This journal is © The Royal Society of Chemistry 2014
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remarkable overlap between the theory and simulation suggests
that our mean eld theory is valid and that asymmetric energy
barriers for particles moving across one another are responsible
for segregation.

We emphasize that the phenomenon of active segregation is
intrinsically different from the “Brazil Nut Effect”,35 where a
bidisperse granular mixture segregates under external shaking.
Our so active particles are individually driven rather than
agitated through boundary forces. As a result, size segregation
in our active system is driven by the asymmetry of the energy
barriers imposed by so repulsive interaction between particles
as supported by the outstanding agreement between analytical
and numerical results shown in Fig. 5(b), rather than by the
“void-lling”35 or “granular convection”36 mechanisms
proposed to explain the “Brazil Nut Effect”.
4 Conclusions

We have demonstrated that in the limit of small rotational
noise, spherical self-propelled particles spontaneously accu-
mulate at the walls of a container in the absence of any align-
ment or attractive interactions. At high density there is a nite
threshold speed vc(f) for wall aggregation in the limit Dr / 0.
This speed vanishes at low density and becomes nite near the
jamming transition, suggesting that the particles must over-
come a nite yield stress to rearrange and accumulate at the
walls. The pressure displays a startling non-monotonic depen-
dence on density. When particles are aggregated at the walls the
pressure increases with density, as the particles pack densely to
optimize force transmission. Eventually, as the system
approaches the jamming transition, both density and force
distribution become more homogeneous and the particles
become caged by their neighbors, losing the ability to self-
organize to optimally transmit stress. The net result is that the
pressure decreases drastically with increasing density. We are
currently implementing simulations at constant pressure to
interpret this surprising effect that could never happen in a
thermal system.

In a mixture of active disks of two sizes we observe segre-
gation in the absence of any adhesive interaction, which may be
relevant to cell sorting14–16 and cell-assisted size segregation of
colloidal particles.37
Fig. 6 (a) Snapshot of an aggregated state with force chains (blue).
The nested particle layers are also displayed. The overlap between
particles increases as they approach the wall, indicating an inhomo-
geneous distribution of pressure, which is maximum at the wall, as
shown by the force chains. (b) The aggregated state is modeled as a
collection of N nested layers of particles, with a linear increase of
overlap (or pressure) as the wall is approached. Each layer has area An

and is occupied by active particles of packing fraction fn.
Appendix A: interaction pressure of the
aggregated state

For simplicity, we consider a completely aggregated state, where
the active force is balanced by the interaction force. We work in
a coordinate system with axes along the principal direction of
the stress tensor, and therefore drop the label of the component
for force and particle position. The trace of the stress is then
given by

saa ¼ 1

L2

X
isj

Fijrij ; (6)
This journal is © The Royal Society of Chemistry 2014
where the summation is over all interacting pairs. As illus-
trated in Fig. 6, the interaction forces are transmitted through
chains of particles, resulting in a larger interaction force/stress
closer to the wall. Given that our repulsive force is a linear
function of overlap, we assume that the stress increases line-
arly as the wall is approached. This assumption is supported
by Fig. 4(a) in the paper. To proceed, we divide the system into
N nested particle layers, as shown in Fig. 6. Each layer has the
width of a particle diameter 2R, area An and occupies a fraction
fn ¼ An/L

2 of the entire system's area. We assume that fn is
also the packing fraction of particles in the n-th layer.
Approximating the area of a layer as the sum of the area of four
equal strips, we can write

An ¼ 8LR � 32R2(n � 1). (7)

We assume that the total packing fraction f of the system is
equal to the sum of fn,

f ¼
XN
n¼1

fn ¼
1

L2

�
8LRN þ 16NR2 � 16R2N2

�
: (8)

Solving eqn (8) for N in terms of f, we obtain

Nx
L

8R
fþ O ðR=LÞ (9)

Now we proceed to calculate the stress. When the system is
completely aggregated, the interaction forces are balanced by
the active forces Fa ¼ v0/m. Assuming that the force increases
linearly as we approach the wall, and imposing force balance
between the interaction force Fnij on particle i in the n-th layer
due to particle j in the n � 1 layer and the active forces, we can
write

Fij
n ¼ ðn� 1ÞFa ¼ ðn� 1Þ v0

m
(10)
Soft Matter, 2014, 10, 6477–6484 | 6481
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Fig. 7 Markers: active pressure as a function of packing fraction for
various active speeds v0 and Dr ¼ 5 � 10�5. Dashed line: fitting using
expression of ideal active gas pressure with density-dependent
velocity and density-dependent effective rotational diffusion rate.
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The stress in the nth layer is then given by

saa
n ¼ 1

An

X
isj

Fij
nrij

n (11)

Inserting eqn (10), we obtain

saa
n ¼ 1

An

XCNn=2

1

ðn� 1Þ v0
m

	
2R� ðn� 1Þ v0

km



(12)

where C is a tting parameter corresponding to the average
contact number of a particle and Nn is the number of particles
in the nth layer. Expanding eqn (12) and keeping only terms to
lowest order in v0, we obtain

saa
n ¼ cfn(n � 1)v0, (13)

where c ¼ C
pRm

is a rescaled tting parameter. Using fn ¼
An
L2

and summing over the layers, we obtain an expression for the
total stress as

saa ¼
XN
n¼1

saa
nx

ðN
1

saa
nðnÞdn

¼
ðN
1

	
8Rcv0

L
ðn� 1Þ � 32R2cv0

L2
ðn� 1Þ2



dn (14)

where the sum over layers has been replaced by an integration.
Carrying out the integration we nd

saa ¼ 4Rcv0

L
ðN � 1Þ2 � 32R2cv0

3L2
ðN � 1Þ3

x
4Rcv0

L
N2 � 32R2cv0

3L2
N3 ¼ c

�
Lv0

16R
f2 � Lv0

48R
f3

� (15)

The pressure of the system is dened as

P ¼ saa

2
(16)

To t the data for k ¼ 1, m ¼ 1, R ¼ 1 and L¼ 80 yield c ¼ 1.2,
corresponding to an average contact number of 6.
Fig. 8 Minimal model used to evaluate the barriers of segregation: a
small active particle pushing its way through two adjacent, immobile
large particles. RS and RL are the particles' radii. The small particle
initially just touches its neighbors, and then travels a distance d verti-
cally with active velocity Fa¼ v0/m. F is the repulsive force between two
particles. Other geometrical quantities are as labelled.
Appendix B: non-monotonic active
pressure

The suppression of self-propulsion due to caging can be
incorporated in a mean-eld fashion by replacing the active
speed v0 in the ideal gas pressure by a density-dependent speed
v(f), as suggested by recent work on phase separation of active
particles.6 We also speculate that crowding effectively increases
the rate of rotational diffusion as particles rattle around the
conning cage and incorporate this effect into a density-
dependent effective rotational diffusion rate Deff

r (f), which is
enhanced at packing fraction above fc, where the active pres-
sure starts to decrease sharply. A t to the active pressure for
various active speeds v0 using the ideal gas formula
6482 | Soft Matter, 2014, 10, 6477–6484
P0 ¼ rv02

2mDr
ð1� e�DrL=v0Þ with v(f) ¼ v0(1 � lf) replacing v0

and Deff
r (f) ¼ DrQ(f � fc)exp[a(f � fc)] replacing Dr, where

Q(f � fc) is the Heaviside step function, is shown in Fig. 7 as
dashed lines. The tting parameters are l¼ 0.8 and a¼ 13. The
critical packing fraction fc increases with active speed v0, where
fc ¼ 0.616, 0.672, 0.728 corresponds to v0 ¼ 0.01, 0.02, 0.03
respectively. This suggests that activity counteracts the effect of
crowding, which is consistent with the “unjamming” of the
system as activity increases (Fig. 2(b)).
Appendix C: segregation barriers

To evaluate the barrier that particles must overcome for segre-
gation, we consider the geometry shown in Fig. 8 displaying a
small active particle of radius RS that has to make its way
through two immobile large particles of radius RL. For the small
particle to travel through the barrier imposed by the two large
ones, the active force v0/m has to overcome the maximum of the
repulsive force Frep. This denes a critical active velocity vSc for
the small particle. To calculate this barrier we assume that the
small active particle initially just touches its neighbors, then
This journal is © The Royal Society of Chemistry 2014
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travels upward a distance of d. At this point, the net repulsive
force is

Frep ¼ 2F sin q, (17)

where F ¼ k
	
ðRL þ RSÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl � dÞ2 þ RL

2
q 


is the repulsive force

between two particles and sin q ¼ l0/s. Geometrical consider-

ations lead to l0 ¼ l � d, s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl � dÞ2 þ RL

2
q

and

l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 2RSRL

p
, allowing us to express Frep solely in terms of d.

The critical active velocity vSc is dened as the maximum
value of mFrep(d). This gives

vSc ¼ 2mk
�ðRL þ RSÞRL

2
1=3"

1�
�
1þ RS

RL

��2=3
#1=2

�
"�

1þ Rs

RL

�2=3

� 1

#
:

(18)

This is the critical velocity of an active particle with radius RS

pushing through two immobile particles of radius RL. The
critical velocity for the reversed conguration, corresponding to
a particle of radius RL pushing through two particles of radius
RS, can be obtained by interchanging RS and RL. Segregation
occurs when either species has an active velocity above the
critical value. Note that particles with different radii have
different critical velocities. If, for instance, RS < RL, then vSc < vLc,
and small particles will aggregate to the outside, next to the
wall, when both species have the same active velocity.

Finally, the ratio of active velocities of the two species can be
written as a function of their radii ratio as

vLc

vSc
¼ x� 2

3

h
1� ð1þ xÞ�2=3

i1
2
h
ð1þ xÞ2=3 � 1

i
"
1�

�
1þ 1

x

��2=3
#1
2
"�

1þ 1

x

�2=3

� 1

#; (19)
Fig. 9 Pressure as a function of packing fraction for an active system
with v0 ¼ 0.02, Dr ¼ 0.005 and L ¼ 80 (blue circles) and for a thermal
system with Dt ¼ 0.04 (red triangles). The black dashed line is the
calculated expression for pressure for the ideal active gas pressure
given in eqn (3).

This journal is © The Royal Society of Chemistry 2014
where x ¼ RL/RS. This result is compared with the numerical
result in Fig. 5(b) of the paper. The excellent agreement
supports our simple model.
Appendix D: comparison with thermal
gas

In the limit v0/L� Dr the pressure of an ideal active gas given in
eqn (3) takes the form of the pressure of an ideal thermal gas,
with an effective temperature kBTeff ¼ v0

2/(2mDr), corresponding

to a thermal diffusivity Dt ¼ mkBTeff ¼ v02

2Dr
. This suggests that in

this limit it may be possible to map the active system onto a
thermal one with an effective temperature. Fig. 9 compares the
pressure of an active gas for v0 ¼ 0.02 and Dr ¼ 0.005 to that of a
thermal gas with the corresponding value Dt ¼ 0.04. Also shown
is the analytical expression of eqn (3). Although the three curves
overlap at very low density, the pressure of the thermal gas rises
much more rapidly than that of the active gas with increasing
packing fraction, indicating that repulsive interactions are more
effective in building up pressure in the thermal system.
Surprisingly, the pressure in the active system falls slightly
below the active ideal gas limit at intermediate packing
fractions.
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